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Abstract
The dynamics of attractive bosons trapped in one dimensional anharmonic potentials is inves-
tigated. Particular emphasis is put on the variance of the position and momentum many-particle
operators. Coupling of the center-of-mass and relative-motion degrees-of-freedom necessitates an
accurate numerical treatment. The multiconfigurational time-dependent Hartree for bosons (MCT-
DHB) method is used, and high convergence of the energy, depletion and occupation numbers, and
position and momentum variances is proven numerically. We demonstrate for the ground state and
out-of-equilibrium dynamics, for condensed and fragmented condensates, for small systems and en
route to the infinite-particle limit, that intriguing differences between the density and variance of
an attractive Bose-Einstein condensate emerge. Implications are briefly discussed.
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I. INTRODUCTION
Attractive bosons and Bose-Einstein condensates (BECs) have drawn considerable atten-
tion since long ago [1–34]. Attractive particles tend to be closer together than non-interacting
particles, meaning that the shape of their density is narrower than the respective density of
non-interacting particles. Being identical bosons suggests that all particles could occupy one
and the same single-particle state, and be adequately described by Gross-Pitaevskii mean-
field theory. Setting intuition aside, it is needed to employ a many-body level of theory in
order to ascertain condensation and more so fragmentation of attractive bosons [35]. The
latter has been found both in the case of statics, where the ground state can be fragmented
due to symmetry [13–16], and dynamics, where fragmentation can develop in time due to
involvement of multi-particle excitations [21, 24–26, 29], see also [32, 33, 36].
For repulsive BECs the connection between condensation and the limit of an infinite-
number of particles has drawn increased attention [37–48]. There are rigorous results which
prove (when the product of the number of particles times the scattering length, i.e., the
interaction parameter, is constant) that the energy per particle and density per particle of the
many-boson system coincide in the infinite-particle limit with the respective Gross-Piteavekii
quantities, and that the bosonic system is 100% condensed [38–41], see also [37, 46]. On the
other hand, the variance of a many-particle operator, such that the position, momentum,
and angular-momentum operators [42, 43, 47], and the whole many-particle wavefunction
[44, 46] can considerably deviate from those given by the Gross-Pitaevskii theory, even in
the infinite-particle limit when the bosonic system is 100% condensed. In particular, the
position and momentum variances can behave in an opposite manner to the position and
momentum densities for repulsive bosons [42, 45, 48]. Indeed, the physics of the variance of
many-particle operators [49, 50] is much more involved than that in the textbook case of a
single particle [51].
Less is known on the infinite-particle limit with attractive bosons, except for a couple of
solvable models [2, 52–57]. In comparison to their repulsive sibling, mathematical rigorous
results are more scarce [58, 59]. Furthermore, and irrespective of the topic of the infinite-
particle limit for attractive bosons, the variance of trapped attractive BECs has hardly been
studied. In the present work we investigate trapped attractive bosons in one-dimensional
traps, and focus on their many-particle position and momentum variances. The above
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introductory remarks point toward the purpose of our work which is fourfold: (i) To discuss
how the shape of an anharmonic trap in combination with inter-particle attraction impact
the many-particle position and momentum variances; (ii) To investigate the infinite-particle
limit of a trapped attractive BEC, its degree of condensation, and whether and how the
many-particle variances computed at the many-body level differ from those computed at the
mean-field level, both for the ground state and for an out-of-equilibrium quench scenario; (iii)
To examine the many-particle variances of a fragmented attractive BEC and in its infinite-
particle limit; (iv) To prove numerically high convergence of the energy, density, depletion,
occupation numbers, and position and momentum variances for a variety of scenarios, from
condensation to fragmentation, of trapped attractive BECs.
The structure of the paper is as follows. In Sec. II we briefly discuss the variance in
a many-body system and its computation from the wavefunction of a trapped BEC. Our
method of choice for the many-body wavefunction, the multiconfigurational time-dependent
Hartree for bosons (MCTDHB) method [60, 61], is briefly discussed as well. In Sec. III we
present four detailed investigations, two for condensed systems (Subsec. IIIA) and two for
fragmented (Subsec. III B). Concluding remarks are put forward in Sec. IV. Finally, further
computational details and the discussion of convergence are collected in the Appendix.
II. THEORY
The many-body Hamiltonian of N interacting bosons in one spatial dimension reads:
Hˆ(x1, . . . , xN ;λ0) =
N∑
j=1
hˆ(xj) +
∑
j<k
λ0Wˆ (xj − xk). (1)
Here, hˆ(x) = −1
2
∂2
∂x2
+ Vˆ (x) is the one-particle Hamiltonian where V (x) the trap potential
and W (x1 − x2) the inter-particle interaction of strength λ0. Throughout this work the
interaction in attractive, i.e., W (x) > 0 for x < ∞ and λ0 < 0. The units ~ = m = 1 are
used. We investigate the ground state of the bosons,
Hˆ(x1, . . . , xN ;λ0)Φ(x1, . . . , xN ) = EΦ(x1, . . . , xN), (2)
for traps of different shapes as a function of the attraction strength λ0. E is the total energy
and Φ(x1, . . . , xN ) is normalized to one for all N . For a quench of the attraction from λ0 to
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λ′0 < λ0, we solve the time-dependent Schro¨dinger equation,
Hˆ(x1, . . . , xN ;λ
′
0)Ψ(x1, . . . , xN ; t) = i
∂Ψ(x1, . . . , xN ; t)
∂t
, (3)
with the initial condition being the ground state for λ0, Ψ(x1, . . . , xN ; 0) = Φ(x1, . . . , xN).
Beyond energy, other properties are needed to describe the system and interpret its
properties. Having the many-body wavefunction Ψ(x1, . . . , xN ; t) at hand allows one to
compute in principle any quantity of interest. For our needs, the reduced one-body density
matrix
ρ(1)(x1, x
′
1; t)
N
=
∫
dx2 . . . dxN Ψ
∗(x′1, x2, . . . , xN ; t)Ψ(x1, x2, . . . , xN ; t) =
=
∑
j
nj(t)
N
αj(x1; t)α
∗
j (x
′
1; t) (4)
and the diagonal of the reduced two-body density matrix
ρ(2)(x1, x2, x1, x2; t)
N(N − 1)
=
∫
dx3 . . . dxN Ψ
∗(x1, x2, . . . , xN ; t)Ψ(x1, x2, . . . , xN ; t) =
=
∑
jpkq
ρjpkq(t)
N(N − 1)
α∗j (x1; t)α
∗
p(x2; t)αk(x1; t)αq(x2; t) (5)
are computed [62–65]. From the reduced one-particle density matrix the natural or-
bitals αj(x; t), natural occupation numbers nj(t), and the density of the system, ρ(x; t) =
ρ(1)(x, x; t), are obtained. In the reduced two-particle density matrix the elements ρjpkq(t) =
〈Ψ(t)|bˆ†j bˆ
†
pbˆk bˆq|Ψ(t)〉 appear, where the creation bˆ
†
j and annihilation bˆj operators are associ-
ated with the single-particle functions αj(x; t). It is convenient to enumerate the occupation
numbers in order of non-increasing values. Furthermore, it is useful to call
∑
j>1 nj(t) =
N − n1(t) the number of depleted particles, i.e., the depletion, and
∑
j>1 nj(t)
N
= 1 − n1(t)
N
the depleted fraction. The latter are used to define the degree of condensation [66] or
fragmentation [3, 35, 67] of the bosonic system.
Given the many-particle position operator, Xˆ =
∑N
j=1 xˆj , the variance per particle can
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be expressed as follows [42, 43]:
1
N
∆2
Xˆ
(t) =
1
N
[
〈Ψ(t)|Xˆ2|Ψ(t)〉 − 〈Ψ(t)|Xˆ|Ψ(t)〉2
]
≡ ∆2xˆ,density(t) + ∆
2
xˆ,MB(t),
∆2xˆ,density(t) =
∫
dx
ρ(x; t)
N
x2 −
[∫
dx
ρ(x; t)
N
x
]2
,
∆2xˆ,MB(t) =
ρ1111(t)
N
[∫
dx|α1(x; t)|
2x
]2
− (N − 1)
[∫
dx
ρ(x; t)
N
x
]2
+
+
∑
jpkq 6=1111
ρjpkq(t)
N
[∫
dxα∗j (x; t)αk(x; t)x
] [∫
dxα∗p(x; t)αq(x; t)x
]
. (6)
The density term, ∆2xˆ,density(t), describes the variance of xˆ, the single-particle position op-
erator, resulting from the shape of the density per particle ρ(x;t)
N
. The many-body term,
∆2xˆ,MB(t), collects all other contributions to the many-particle variance of Xˆ emanating
from correlations in the many-boson system. Indeed, ∆2xˆ,MB(t) identically equals to zero
within Gross-Pitaevskii theory. Analogously, the variance per particle of the many-particle
momentum operator PˆX =
∑N
j=1 pˆx,j is defined,
1
N
∆2
PˆX
(t) = ∆2pˆx,density(t) + ∆
2
pˆx,MB
(t).
The center-of-mass position and momentum operators are defined as Xˆc.m. =
Xˆ
N
and
PˆXc.m. = PˆX and satisfy the usual commutation relation [Xˆc.m., PˆXc.m.] = i for any N . Ac-
cordingly, the respective variances of the center-of-mass operators are given by ∆2
Xˆc.m.
=
1
N2
∆2
Xˆ
and ∆2
PˆXc.m.
= ∆2
PˆX
and satisfy the same uncertainty relation as the variances
per particle of the many-particle position and momentum operators do, ∆2
Xˆc.m.
∆2
PˆXc.m.
=
1
N
∆2
Xˆ
1
N
∆2
PˆX
[42]. This allows one to analyze the variances of bosonic systems in terms of
both sets of many-particle operators equivalently.
To investigate the ground state and out-of-equilibrium dynamics we recruit a suitable
many-body theoretical and computational approach. Out method of choice is the MCTDHB
method [60, 61] which has been extensively applied and documented in the literature [68–
89]. Briefly, the MCTDHB method represents the many-boson wavefunction as a linear
combination of all

N +M − 1
M − 1

 permanents |~n; t〉 generated by distributing the N bosons
over M time-adaptive orbitals,
|Ψ(t)〉 =
∑
~n
C~n(t)|~n; t〉, (7)
where C~n(t) are time-adaptive expansion coefficients and the vector ~n runs over all the above
N +M − 1
M − 1

 distributions. The time-adaptive orbitals and expansion coefficients are
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determined by equations-of-motion derived from the Dirac-Frenkel variational principle. The
MCTDHB equations-of-motion are propagated in imaginary [90] and real time to compute
the ground state (2) and out-of-equilibrium dynamics (3), respectively. We use the numerical
implementation in the software packages [91, 92]. There exist extensions of MCTDHB to
more complex bosonic systems, namely spinors [93] and mixtures [94–97].
The MCTDHB has been benchmarked in the literature [77, 98] (also see [99, 100]) with the
exactly-solvable harmonic-interaction model [52, 53]. The interaction between the bosons
in this benchmark is attractive and of infinite (long) range (harmonic interaction). In [84],
the MCTDHB method was used to reproduce the full counting distribution of the center-
of-mass position operator, Xˆc.m., of bosons in a harmonic trap which is exactly solvable
due to the separability of the center-of-mass and relative-motion degrees-of-freedom. The
interaction between the bosons in this benchmark is also attractive but of zero range (δ-
function interaction). In [26], the out-of-equilibrium dynamics of attractive (and repulsive,
see also [68]) bosons, interacting by a δ-function interaction, in a one-dimensional bosonic
Josephson junction has been converged numerically. In the investigations below, we model
the interaction between the bosons by an attractive Gaussian potential, whose range is
finite and obviously in between the ranges of attractions of the above benchmarks. The
Gaussian inter-particle interaction has often been used in the literature of ultra-cold bosons
[23, 79, 84, 85, 101–103].
III. RESULTS
We consider structureless bosons with a Gaussian attraction in a one spatial dimension.
The bosons are trapped in an anharmonic potential, single well or a double well in the present
study. Because the trap is anharmonic, the center-of-mass and relative-motion degrees-of-
freedom are coupled [102]. Consequently and unlike for harmonic traps, not even the many-
particle position and momentum variances can be computed analytically, thus necessitating
a numerical treatment. Furthermore, changing the interaction in the same trap is expected
to alter the variances, and examining different traps for the same interaction strength is
expected to alter the variances in a non-trivial manner. All in all, the coupling between
the center-of-mass and relative-motion degrees-of-freedom in the anharmonic trap a-priori
implies that the variances depend on the shape of the trap and strength of the attraction
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between particles. This dependence is what we aim at studying in the first place.
A. Condensation
1. Ground state
We begin with the single-well anharmonic potential V (x) = 0.05x4. The one-body Hamil-
tonian is hˆ(x) = −1
2
∂2
∂x2
+ 0.05x4. The inter-particle interaction is the attractive Gaussian
λ0Wˆ (x1−x2) = λ0e
−0.5(x1−x2)2 , λ0 < 0. The range of the Gaussian is of no qualitative conse-
quence on the physics to be described below (for a study with a narrower Gaussian see [23]),
but has the effect of accelerating the convergence of the computations with the number of
orbitals M . The interaction parameters are Λ = λ0(N − 1) = −0.018, Λ = −0.18, and
Λ = −1.8. The number of particles is N = 10, 100, . . . , 10 000 000. The number of orbitals
is M = 5 for N = 10, M = 4 for N = 100, and M = 2 for N ≥ 1000. Fig. 1 collects the
results for the ground state. The accuracy and convergence of the results are established in
the Appendix, see Fig. 5.
In Fig. 1a we plot and analyze the difference between the mean-field and many-body
energies per particle E
N
. The variational principle ensures this difference to be positive. For
all interaction strengths, the difference is diminished with increasing number of particles.
The results indicate that the many-body energy per particle approaches from below the
Gross-Pitaevskii energy per particle, and provide strong numerical evidence that in the
limit of an infinite number of particles the two energies coincide. In Fig. 1b we depict the
depleted fraction 1− n1
N
. As the number of particles increases, the depleted fraction reduces
towards 0%, i.e., the condensate fraction increases towards 100%. Again, the results provide
strong numerical evidence that, in the infinite-particle limit, the condensate fraction of a
trapped attractive BEC (in one spatial dimension) is 100%.
In Fig. 1c we plot the many-particle position variance per particle, 1
N
∆2
Xˆ
, and in Fig. 1d
the corresponding momentum variance, 1
N
∆2
PˆX
. Here, as the number of bosons increases and
at constant interaction parameters, the variances computed at the many-body level saturate
at values different than those computed at the mean-field level. To be specific, as the attrac-
tion increases the position (momentum) variance decreases (increases) at the mean-field level,
which is in line with narrowing of the density. Yet and counterintuitively, the many-body
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quantities exhibit the inverse behavior, namely, the position (momentum) variance increases
(decreases) with increasing attraction strength. We find at the mean-field level 1
N
∆2
Xˆ
=
∆2xˆ,density = 0.777, 0.748, 0.519 and
1
N
∆2
PˆX
= ∆2pˆx,density = 0.329, 0.340, 0.482, whereas at the
many-body level we find 1
N
∆2
Xˆ
= 0.781, 0.794, 0.927 and 1
N
∆2
PˆX
= 0.328, 0.322, 0.272 for
the three interactions parameters Λ = −0.018,−0.18,−1.8, respectively. Just like for their
repulsive sibling [42, 45, 48], the variance and density in the ground state of an attractive
trapped BEC behave in an opposite manner. In summary, increasing the attraction amounts
to enlarging the position variance, despite narrowing of the density, in as much as increasing
the repulsion [42, 45, 48] leads to decreasing of the position variance, in spite of broadening
of the density.
For comparison with the single-well potential V (x) = 0.05x4 discussed above, the shallow
double-well potential V (x) = 0.05x4+4.5e−0.5x
2
is examined for the weakest interaction pa-
rameter Λ = −0.018, see Fig. 1. The shallow double well can be seen as a further distortion
of the anharmonic single-well potential. Examining the energy difference, Fig. 1a, and deple-
tion, Fig. 1b, again indicates coincidence of the many-body quantities in the infinite-particle
limit with the Gross-Pitaevskii quantities, namely 100% condensation. For the variances, the
many-body 1
N
∆2
Xˆ
= 6.762 and mean-field 1
N
∆2
Xˆ
= ∆2xˆ,density = 3.566 position variances show
a larger difference than in the single-well trap for the same interaction parameter; Compare
the magenta and blue curves in Fig. 1c. The reason is the larger depletion of the BEC in
the double well than in the single well for the same interaction parameter, see Fig. 1b. On
the other hand, the many-body 1
N
∆2
PˆX
= 0.865 and mean-field 1
N
∆2
PˆX
= ∆2pˆx,density = 0.866
momentum variances are hardly distinguishable in the double well (just like the correspond-
ing quantities in the single well for the same interaction parameter Λ = −0.018), despite the
larger depletion. This is because the small overlap between the orbitals and their spatial
derivative (coming from the momentum operator pˆx) entering the many-body term ∆
2
pˆx,MB
of the variance (6), see in this context [45].
2. Out-of-equilibrium dynamics
So far we have investigated the many-particle variance of the ground state and seen how
it depends on the strength of the attraction and shape of the trap. Although the BECs
studied above are essentially fully condensed, the position and momentum variances behave
8
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FIG. 1. (Color online) Ground-state properties of an attractive trapped BEC: Condensation.
Shown as a function of the number of bosons N are: (a) Difference between the mean-field and
many-body energies per particle; (b) Depleted fraction, 1− n1
N
; (c) Many-particle position variance
per particle, 1
N
∆2
Xˆ
; (d) Many-particle momentum variance per particle, 1
N
∆2
PˆX
. The interaction
parameters are Λ = λ0(N − 1) = −0.018, Λ = −0.18, and Λ = −1.8. The confining potentials
are the single well V (x) = 0.05x4 (filled symbols in red, green, and blue) and the shallow double
well V (x) = 0.05x4 + 4.5e−0.5x
2
(open squares in magenta). Many-body results in all panels are
computed at the M = 5 (N = 10), M = 4 (N = 100), and M = 2 (N ≥ 1000) levels, and marked
by symbols (the connecting lines are to guide the eye only); for demonstration of accuracy and
convergence see Fig. 5. Mean-field variances (equivalent to M = 1) are plotted in panels (c) and
(d) by smooth horizontal lines, being constant as a function of N . The results suggest that the
trapped attractive BECs are 100% condensed in the infinite-particle limit, and that the position
and momentum variances at the many-body level are, nonetheless, different than at the mean-field
level. See the text for further discussion. The quantities shown are dimensionless.
9
oppositely to the respective densities at the many-body level of theory. This is in contrast
to the mean-field behavior.
It is instructive to examine an out-of-equilibrium scenario and inquire, similarly, whether
a trapped attractive BEC remains 100% condensed in the infinite-particle limit and whether
the time-dependent variances behave counterintuitively as well. For this, we consider a
quench scenario in the single-well anharmonic potential V (x) = 0.05x4. The one-body
Hamiltonian is hˆ(x) = −1
2
∂2
∂x2
+ 0.05x4. The interaction is quenched at t = 0 from Λ =
λ0(N − 1) = −0.18 to Λ = −0.36. Following the quench of the interaction, the den-
sity performs breathing oscillations [45, 48, 117–119]. The number of particles is N =
10, 100, . . . , 10 000 000 and the number of orbitals is M = 2. Fig. 2 collects the results of the
out-of-equilibrium dynamics. The accuracy and convergence of the results are established
in the Appendix, see Fig. 6.
In Fig. 2a we plot the many-particle position variances per particle, 1
N
∆2
Xˆ
(t), at the many-
body and mean-field levels, and in Fig. 2b the respective momentum variances, 1
N
∆2
PˆX
(t),
are depicted. The many-body curves quickly overlap each other as the number of bosons N
is increased at the constant interaction parameters of the quench. Furthermore, they can
differ by more than 10% from the mean-field curve, presenting the results for any N . This
sizable difference emerges due to a tiny number of depleted particles, see discussion below.
All variances vary in time in an oscillatory manner, signifying the breathing of the cloud
following the interaction quench. Importantly, the time-dependent many-body variances
behave in an opposite manner to the mean-field variances. Indeed, making the attraction
suddenly stronger, the position (momentum) density initially narrows (broadens), as do
the Gross-Pitaevskii variances show. Yet, the many-body position (momentum) variance
initially actually increases (decreases), i.e., behaves in an opposite manner to the density.
In Fig. 2c the number of depleted particles, N − n1(t), is shown as a function of time.
For any number N , even for 10 000 000 bosons, there is less than a 1
100
-th of a boson outside
the condensed mode. Furthermore, the time-dependent depletion quickly saturates with N ,
i.e., the respective curves overlap each other. These constitute strong numerical evidence
that the out-of-equilibrium attractive trapped BEC becomes 100% condensed (the depleted
fraction becomes 0%) in the infinite-particle limit.
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FIG. 2. (Color online) Breathing dynamics of an attractive trapped BEC following an interaction
quench. Shown as a function of the number of bosons N are: (a) Many-particle position variance
per particle, 1
N
∆2
Xˆ
(t); (b) Many-particle momentum variance per particle, 1
N
∆2
PˆX
(t); (c) Number of
depleted particles, N −n1(t). The interaction parameter is quenched from Λ = λ0(N − 1) = −0.18
to Λ = −0.36 at t = 0. The confining potential is the single well V (x) = 0.05x4. Many-body results
in all panels are computed at the M = 2 level; For demonstration of accuracy and convergence
see Fig. 6. Mean-field results (equivalent to M = 1) are plotted for comparison [in panels (a) and
(b)] by black lines for all N . At the many-body level the position (momentum) variance initially
increases (decreases), oppositely to the respective mean-field variances. The results suggest that
the out-of-equilibrium trapped attractive BEC is 100% condensed (the depleted fraction is 0%) in
the infinite-particle limit, and that the time-dependent position and momentum variances at the
many-body level behave differently from those at the mean-field level. Here, they can differ by
more than 10% despite having less than 1100 -th of a particle depleted for any N . See the text for
further discussion. The quantities shown are dimensionless.
11
B. Fragmentation
1. Finite condensate
Fragmentation of BECs has drawn a broad activity [35, 101, 104–116]. Here, our first
investigation is of a finite and small system of attractive bosons in the ground state of a
double-well potential. In particular, we examine the many-body variances along the pathway
from condensation to fragmentation of the attractive bosons in a double well [15]. What
should we expect? Fig. 3 collects the results.
The confining potential is the double well V (x) = 0.05x4 + 5.0e−0.5x
2
, and the number
of bosons is N = 10. The interaction strengths are λ0 = −0.002,−0.004, . . . ,−1.8,−2.0,
and the number of orbitals used in the computations is M = 2, 4, . . . , 12. In Fig. 3a we
depict the ground-state density per particle, ρ(x)
N
, for four of the above interaction strengths
(−0.002, −0.02, −0.2, and −2.0). As can be seen, the density narrows with the increase of
the attraction. This signifies coupling to higher bands in the double well. In Fig. 3b the
energy per particle, E
N
, is depicted. The ground-state energy of the bosons is, of course,
lowered by increasing the attraction.
Side by side with narrowing of the density and lowering of the energy, the increase in the
attraction leads to fragmentation of the system. Fig. 3c records the six largest occupation
numbers per particle of the bosonic system,
nj
N
, j = 1, . . . , 6. For the weakest attraction, λ0 =
−0.002, we find n1
N
= 95.46%, n2
N
= 4.54%, and
nj≥3
N
< 3×10−8. For the strongest interaction,
λ0 = −2.0, we have
n1
N
= n2
N
= 49.34(3)%, n3
N
= n4
N
= 0.64(5)%, and n5
N
= n6
N
= 0.01(2)%.
The computation confirms in a continuous double-well system, taking all contributing bands
into account, that the attractive bosons have become two-fold fragmented.
In Fig. 3d we prescribe the many-body position and momentum variances as a function
of the attraction strength λ0. We first discuss the results qualitatively and thereafter quan-
titatively. The position variance is already larger than 10 for the weakest attraction, and it
surpasses 35 for the strongest attraction. For comparison, the system’s physical size can be
inferred from the shape of the density in Fig. 3a, and is smaller than 5. Thus, the behavior
we have seen for condensed attractive bosons in Fig. 1, that already the smallest depletion
leads to a larger position variance than the mean-field variance (equivalent to the shape
of the density), persists and more so is enhanced for fragmented attractive bosons. With
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less than 5% fragmentation the many-body variance is more than twice the system’s phys-
ical size, and with nearly 50% fragmentation it is about eight-times the system’s physical
size. At the other end, despite the density getting narrower and the bosons fragmented,
the many-particle momentum variance increases only very mildly and monotonically, see
Fig. 3d.
The convergence of the system’s properties collected in Fig. 3 deserves a separate dis-
cussion. There are two issues here, that different properties converge at a different pace
with increasing number of self-consistent orbitals M and, of course, the particular level of
convergence that can be achieved.
We begin with the densities per particle, ρ(x)
N
, plotted in Fig. 3a. For all four interactions
strengths, λ0 = −0.002,−0.02,−0.2,−2.0, i.e., from weak to strong attraction (from small
to large fragmentation, see Fig. 3c), ρ(x)
N
with M = 10 self-consistent orbitals are indistin-
guishable from those with M = 12. The profiles of the respective densities precisely lie atop
each other.
Next, the inset in Fig. 3b follows the convergence of the energy per particle, E
N
, by
plotting the differences of the results computed at the various M < 12 levels to those at
the final M = 12 level (the variational principle ensures these differences to be positive) for
two interaction strengths. For the weakest interaction strength, λ0 = −0.002, the energy
per particle is found to converge to better than 10−10, whereas for the strongest interaction
strength, λ0 = −2.0, to better than 10
−5. Looking at the main panel, Fig. 3b, this pace of
convergence explains why already the results with M ≥ 6 visually lie atop each other for
the entire range of interaction strengths.
Then, the inset in Fig. 3c follows the convergence of the occupation numbers per particle,
nj
N
, j = 1, . . . , 6 by plotting the absolute differences of the results computed at the various
M < 12 levels to those at the final M = 12 level. We find that all occupation numbers
converge to better than 10−8 for the weakest interaction strength, and better than 10−5
for the strongest interaction strength. Looking at the main panel, Fig. 3c, this pace of
convergence explains why already the results with M ≥ 4 orbitals visually lie atop each
other for the two largest occupation numbers n1
N
and n2
N
, for the entire range of interaction
strengths. Similarly, the results with M ≥ 6 visually lie atop each other for n3
N
and n4
N
, and
the results with M ≥ 8 visually lie atop each other for n5
N
and n6
N
. It is useful to stress
how the convergence of the individual occupation numbers is assessed [120]. Convergence
13
is determined from ‘top to bottom’ when increasing the number of self-consistent orbitals
M , namely, from the largest occupation number per particle, n1
N
, down to the smallest
occupation number per particle, n6
N
.
Last but not least is the convergence of the many-particle position variance per particle
and momentum variance per particle shown in the inset of Fig. 3d. Again, absolute differ-
ences of the results computed at the variousM < 12 levels to those at the finalM = 12 level
are plotted. We find that the position variance per particle is converged to better than 10−6
for the weakest λ0 = −0.002 as well as the strongest λ0 = −2.0 interaction strengths. The
momentum variance per particle, the most sensitive property of the BEC discussed here, is
converged for the weakest interaction strength to better than 10−6, and for the strongest
interaction strength to better than 10−4. Examining the main panel, Fig. 3d, shows that
the results with M ≥ 4 orbitals visually lie atop each other for 1
N
∆2
Xˆ
, and the results with
M ≥ 8 orbitals visually lie atop each other for 1
N
∆2
PˆX
. All in all, for the many-body variances
corresponding to the four densities in Fig. 3a (λ0 = −0.002,−0.02,−0.2,−2.0), we deter-
mine 1
N
∆2
Xˆ
= 11.0339(5), 35.4209(7), 36.0365(6), 37.1024(2) for the position variance per
particle and 1
N
∆2
PˆX
= 0.9292(4), 0.9671(9), 0.9830(1), 1.0156(2) for the momentum variance
per particle, see Fig. 3d (last digit of the momentum variance for the strongest attraction
was verified by a computation using M = 14 orbitals). Indeed, high convergence of the
many-particle position and momentum variances of an attractive trapped BEC is achieved
and demonstrated for the entire pathway from condensation to fragmentation.
2. Condensate en route to the infinite-particle limit
Our final investigation draws upon the above results and a fundamental difference between
the fragmented ground state of attractive and repulsive trapped bosons. To remind, let the
ground state of a finite repulsive BEC, consisting of N particles in a trap and for a certain
interaction parameter Λ = λ0(N − 1), be fragmented. Then, increasing N while keeping Λ
constant, the fragmentation eventually diminishes and the repulsive BEC becomes condensed
for a rather finite N [106]. The repulsive BEC becomes precisely 100% condensed in the
infinite-particle limit [39].
For a trapped attractive BEC the situation can differ, since symmetry plays a decisive role.
Briefly, in a symmetric trap, say a double well or a ring, the ground state becomes fragmented
14
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FIG. 3. (Color online) Ground-state properties of an attractive trapped BEC along the pathway
from condensation to fragmentation. Shown for N = 10 bosons are: (a) Density per particle, ρ(x)
N
;
(b) Energy per particle, E
N
; (c) Occupation numbers per particle,
nj
N
, j = 1, . . . , 6 in percents; (d)
Many-particle position variance per particle, 1
N
∆2
Xˆ
, and momentum variance per particle, 1
N
∆2
PˆX
.
The interaction strengths are λ0 = −0.002,−0.004, . . . ,−1.8,−2.0. The confining potential is the
double well V (x) = 0.05x4 + 5.0e−0.5x
2
. In panel (a), the densities computed with M = 10 (solid
curves in colors) and with M = 12 (dashed curves in black) self-consistent orbitals are plotted
(for the four of interaction strengths −0.002,−0.02,−0.2,−2.0) and seen to lie atop each other.
The results depicted in panels (b)-(d) are computed at the M = 2, . . . , 12 level and marked by
symbols connected by lines to guide the eye. The insets provide the absolute differences of the
results computed at the variousM < 12 levels to those at the finalM = 12 level for two interaction
strengths (−0.002 and −2.0). The color palettes of the insets and panels are the same. The data
shown proves the high numerical convergence of the results. See the text for further discussion.
The quantities shown are dimensionless.
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from a certain attraction strength on at the many-body (or, beyond Gross-Pitaevskii) level
of theory [12–15]. There are fingerprints for this fragmentation at the mean-field level of
theory, when two solutions of the corresponding Gross-Pitaevskii equation, a symmetry-
broken solution and a symmetry-preserving solution, bifurcate from each other at a critical
attraction strength [8, 19]. Thereafter, for stronger attractions, the symmetry-broken mean-
field solution becomes lower in energy than the symmetry-preserving mean-field solution.
The implications of these properties are as follows. For any number of particles N and
at constant interaction parameter Λ, the energy per particle of the many-body fragmented
ground state of the BEC is lower than the energy per particle of the symmetry-broken mean-
field solution [14] (see in this context [121]). At the infinite-particle limit, the two energies
per particle coincide [22]. It is the purpose of our fourth example to apply the concept of
many-body variance to such a situation.
Coming back to the system of attractive bosons in the double-well V (x) = 0.05x4 +
5.0e−0.5x
2
, we consider the interaction parameter Λ = λ0(N − 1) = −0.018, corresponding
to the weakest interaction strength in Fig. 3. We keep Λ fixed and increase the number of
particles N . The number of particles is N = 10, 100, . . . , 10 000 000. The number of orbitals
is M = 2, 4, . . . , 12 (including Fig. 3) for N = 10, M = 2, 4 for N = 100, and M = 2 for
N ≥ 1000. The results are collected in Fig. 4. For the sake of analysis, the BEC in the
double well is solved also at the mean-field level (M = 1) for the same interaction parameter
Λ. Two energetically very close solutions, symmetry-broken and symmetry-preserving, are
found, see below.
In Fig. 4a, the many-body energy per particle is depicted and seen to saturate as a
function of N . The energy per particle of the many-body solution for N = 10 000 000
bosons (M = 2) is E
N
= 2.4725023283. It is lower than the energy per particle of the
Gross-Pitaevskii symmetry-broken solution only from the 10-th digit after the point on,
E
N
= 2.4725023284. Indeed, as expected, the many-body energy per particle approaches
with increasing N from below the energy per particle of the Gross-Pitaevskii symmetry-
broken solution. Additionally, the energy per particle of the symmetry-preserving mean-field
solution, E
N
= 2.4725674266, is very slightly higher than the above two energies, indicating
that we are just after the critical attraction for the bifurcation of the two mean-field solutions.
In Fig. 4b we depict the two largest occupation numbers per particles, n1
N
and n2
N
. Similarly
to the energy per particle in Fig. 4a, they quickly saturate with N , yet the system is
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fragmented. We find that n1
N
= 93.29% and n2
N
= 6.71% (M = 2) at the infinite-particle
limit. The results with M = 4 orbitals for N = 10 and N = 100 particles lie on top of
the M = 2 results, indicating high convergence, also see the inset in Fig. 3c. Furthermore,
we find that
nj≥3
N
< 3 × 10−8 for N = 10 particles (see Fig. 3) and for ten-times more
particles, N = 100 (M = 4), that
nj≥3
N
< 3×10−9. This decrease in the occupation numbers
strongly implies that the attractive BEC remains (only) two-fold fragmented en route to the
infinite-particle limit, as expected from the best-mean-field approach for attractive BECs
[12].
Finally, we present in Fig. 4c the many-body variances. The many-body position variance
per particle of the fragmented BEC, 1
N
∆2
Xˆ
, is found to increase (essentially) linearly with the
number of bosons and way beyond the system’s physical size. This is in sharp contrast to
attractive condensed BECs in the infinite-particle limit, see Fig. 1. On the other hand, the
many-body momentum variance per particle of the fragmented BEC, 1
N
∆2
PˆX
, saturates, see
Fig. 4c. Explicitly, we find numerically 1
N
∆2
Xˆ
= 0.88(5)×N and 1
N
∆2
PˆX
= 0.93 in the infinite-
particle limit (M = 2). The results with M = 4 orbitals for N = 10 and N = 100 particles
lie on top of theM = 2 results, indicating high convergence, also see the inset in Fig. 3d. For
reference, the respective variances of the above-discussed mean-field solutions are 1
N
∆2
Xˆ
=
∆2xˆ,density = 3.7587 and
1
N
∆2
PˆX
= ∆2pˆx,density = 0.9262 for the symmetry-preserving Gross-
Pitaevskii solution and 1
N
∆2
Xˆ
= ∆2xˆ,density = 2.8787 and
1
N
∆2
PˆX
= ∆2pˆx,density = 0.9322 for
the symmetry-broken Gross-Pitaevskii solution. It is remarkable that fragmentation of less
than 5% and practically the same energy-per-particle leads to such a macroscopic effect on
the many-particle position variance.
All in all, the uncertainty product ∆2
Xˆc.m.
∆2
PˆXc.m.
= 1
N
∆2
Xˆ
1
N
∆2
PˆX
of the ground state of a
fragmented attractive BEC diverges in the infinite-particle limit. This is a good place to
conclude the present investigation of the intriguing physics of the many-body variance of
attractive trapped BECs.
IV. CONCLUSIONS
We have investigated on the many-body level the ground state and quench dynamics
of structureless attractive bosons interacting by a finite-range (Gaussian) inter-particle in-
teraction and in one-dimensional anharmonic trap potentials. Thereby, we pay particular
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FIG. 4. (Color online) Ground-state properties of an attractive trapped BEC: Fragmentation.
Shown as a function of the number of bosons N are: (a) Energy per particle, E
N
; (b) Occupation
numbers per particle
nj
N
; (c) Many-particle position variance per particle, 1
N
∆2
Xˆ
, and momentum
variance per particle, 1
N
∆2
PˆX
. The interaction parameter is Λ = λ0(N−1) = −0.018, corresponding
to the weakest interaction strength in Fig. 3. The confining potential is the double well V (x) =
0.05x4 +5.0e−0.5x
2
. Many-body results in all panels are computed at the M = 2 level and marked
by open green squares (the connecting lines are to guide the eye only); For demonstration of
convergence the results at the M = 4 level for N = 10 (see Fig. 3 for M > 4) and N = 100
bosons are marked by open black squares and seen to lie atop the M = 2 data. The results
suggest that E
N
saturates [note the y axis in panel (a)] with increasing number of bosons N and
at constant Λ, and that the BEC remains fragmented where the degree of fragmentation (
nj
N
)
saturates, as expected from the best-mean-field approach for attractive BECs [12]. Furthermore,
1
N
∆2
Xˆ
increases (essentially) linearly with the number of bosons and way beyond the system’s
physical size [note the y axis in panel (c)], whereas 1
N
∆2
PˆX
saturates. See the text for further
discussion. The quantities shown are dimensionless.
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attention to the variance of the position and momentum many-particle operators. We have
explicitly (i) demonstrated how the shape of the anharmonic trap in combination with the
inter-particle attraction affect the many-particle position and momentum variances, (ii) in-
vestigated the behavior towards the infinite-particle limit of a trapped attractive BEC by
increasing the number of bosons up to 107 bosons, its degree of condensation, and whether
and how the many-particle variances computed at the many-body level differ from those
computed at the mean-field level, both for the ground state and for an out-of-equilibrium
quench scenario, (iii) explored the many-particle variances of a fragmented attractive BEC
also towards its infinite-particle limit, and importantly, (iv) proved numerically the high
convergence of the energy, density, depletion, occupation numbers, and of the position and
momentum variances for a broad class of scenarios, from condensation to fragmentation, of
trapped attractive BECs.
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Appendix A: Further computational details and convergence
The multiconfigurational time-dependent Hartree for bosons (MCTDHB) method [60,
61, 69, 71, 73, 77, 91, 92] is recruited in the present work to investigate the ground-state
and out-of-equilibrium properties of attractive bosons in one-dimensional anharmonic traps
interacting by a finite-range (Gaussian) inter-particle interaction. The maximal configu-
rational space used are

1002
2

 = 501 501 for N = 1000 bosons and M = 3 orbitals,

104
4

 = 4 598 126 for N = 100 bosons and M = 5 orbitals, and

21
11

 = 352 716 for
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N = 10 bosons and M = 12 orbitals. For the computations the many-body Hamiltonian
is represented by 128 exponential discrete-variable-representation grid points (using a Fast-
Fourier Transform routine) in a box of size [−8, 8). Convergence with respect to the grid size
has been verified with 256 grid points and for the strongest inter-particle attraction strength.
Convergence of the energy, density, depletion, occupation numbers, and the position and
momentum variances with increasing M is numerically proved for the fragmented BECs
in Figs. 3, 4 of the main text, and for the condensed ground-state and out-of-equilibrium
dynamics in Figs. 5 and 6. In particular for the attractive trapped bosons, convergence of
the many-particle position and momentum variances for the ground state [42] and for the
out-of-equilibrium breathing dynamics [43] is nicely achieved and clearly demonstrated, also
see in this context [36].
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FIG. 5. (Color online) Convergence of ground-state properties of an attractive trapped BEC:
Condensation. Shown for N = 10, N = 100, and N = 1000 bosons as a function of M self-
consistent orbitals are: (a) Difference between the mean-field and many-body energies per particle;
(b) Depleted fraction, 1 − n1
N
; (c) Many-particle position variance per particle, 1
N
∆2
Xˆ
; (d) Many-
particle momentum variance per particle, 1
N
∆2
PˆX
. Interaction parameters are Λ = λ0(N − 1) =
−0.018, Λ = −0.18, and Λ = −1.8. The confining potentials are V (x) = 0.05x4 (filled symbols)
and V (x) = 0.05x4 + 4.5e−0.5x
2
(open squares). The results for N = 10 are with M = 5, for
N = 100 with M = 4, and for N = 1000 with M = 2, all plotted by symbols in red, green, blue,
and magenta colors. The results with the respective successive number of orbitals, M + 1, for
all data points are plotted by the same symbol palette in black, and seen to lie precisely atop,
indicating high convergence of all properties. All connecting lines, in colors and in black on top,
are to guide the eye only. See Fig. 1 and the text for further discussion. The quantities shown are
dimensionless.
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FIG. 6. (Color online) Convergence of the breathing dynamics of an attractive trapped BEC
following an interaction quench. Shown for N = 10 [upper row, panels (a), (b), and (c)], N = 100
[middle row, panels (d), (e), and (f)], and N = 1000 [lower row, panels (g), (h), and (i)] bosons
as a function of M time-adaptive orbitals (smooth curves in color up to dashed curves in black
on top) are: Many-particle position variance per particle, 1
N
∆2
Xˆ
(t) [left column, panels (a), (d),
and (g)]; Many-particle momentum variance per particle, 1
N
∆2
PˆX
(t) [middle column, panels (b),
(e), and (h)]; Number of depleted particles, N − n1(t) [right column, panels (c), (f), and (i)]. The
interaction parameter is quenched from Λ = λ0(N − 1) = −0.18 to Λ = −0.36 at t = 0. The
confining potential is the single well V (x) = 0.05x4. The time-dependent results for all quantities
computed with M = 2 time-adaptive orbitals are already accurate as can be seen when comparing
with the results of larger M . The results obtained with M = 4 (M = 3) are already numerically
well converged. The many-particle position (momentum) variance initially increases (decreases),
in an opposite manner to the breathing of the density. There is less than a 1100 -th of a particle
depleted. See Fig. 2 and the text for further discussion. The quantities shown are dimensionless.
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